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VL. Short and eafy Theorems for fiading, in all cwéf,;‘ the

Differences between the Values of Annmuities payable

Yearly, and of the fame Annuities payable Half-yearhy,
Quarterly, or Momently. By the Rev. Richard Price,
D.D.F.R.S. iIn a Letterto Sir John Pringle, Bart..
P . R' S L d

R. Nov. 9, PFVHE values of annuities, as given in all the
1S common tables, fuppofethem paid yearly.

But it is well known, that generally they are paid half-

yearly, and fometimes quarferly; and that this is a cir-

cumftance which always adds to their value.  The

difference between the values of anmuiities, according as
they are paid in thefe different ways, I have feen no
where ftated with accuracy ;. and therefore, Ihave thought
that the following attempt to de this may be of fome:
ufe. '

Annuities are of two forts. ‘They are either payable
certainly or conditionally. Of the former fort are all an~
nuities which are payable at fixed times, without de-
pending on any contingency. Qf the latter fort are alk
annuities on lives. I will firft confider the firft {ort of
annuities.

Let r denote the intereft of 1/, for a year; and # the
term or number of years during which any anuuity is to

2 be
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110 Dr. PRICE’S Theorems.

be paid. Let p denote the value of the perpetuity, or
the quotient arifing from dividing 1£. by its intereft for
ayear. Letydenote the value of an annuity for # years,
fuppofing it to be paid yearly; 4 its value, payable half-
yearly; ¢ its value, payable quarterly; and # its value,
payable momently.

THEOREM I

I

rx1a

y=r-

THEOREM IIL

) 4
rzu'
rx1+-i
2

THEOREM IIl

1
‘74".
rx 14—
4

THEOREM IV.

b=p-

q=p—-

I
m=p——* where N denotes the number

which hath 7z for its hyperbolic logarithm, and
#71%0.43429448 for its logarithm in BRrIGG’s fyftem.
EXAMPLE,
Let the rate of intereft be 4 per cent. and the term 5
years, and confequently 7=0,04. #=5. P=23.

Then,
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Then, y=4.4518
b=4.4913
4=4.5120
M=4.54T5
EXAMPLE IL

Let the rate of intereft be the fame, and the term for
which the annuity is payable 2 5 years.

Then, y=15.6220

b=15.7118

7=15.7694

m=15.801

EXAMPLE IN.

Intereft being the fame, let the term be 50 years.
Then, y=31.4822

b=21.5491

g=21.582

m=21.616

EXAMPLE ]IV,

Intereft being the fame, let the term ‘be 100- years.
Then, y=24.505
b=24.523
q=24.532
M=24.542

Iz
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In the foregoing theorems it may be obferved, that
the ratio to one another, of the values of annuities paya-
ble yearly, half-yearly, quarterly, and momently, is
greateft when # is leaft; that it decreafes continually
as # increafes, till at laft it vanithes, when ~ becomes in-
finite or the annuity is a perpetuity. Agreeably to this
it appears, in the examples I have given, that the values
in the firft example differ more from one another in
proportion than the values in the fecond example; and
that thefe alfo differ more than the values in the third;
and that in the laft example all the values are nearly the
fame.

Thefe values computed by Mr. DE MOIVRE’s rules in
his Treatife on Life-annuities, p. 86. and 124, &c. come
out greater when # exceeds, and lefs when # falls thort
of 15 or 20 years. But thofe rules fuppofe the half-
yearly and quarterly interefts of money tobe lefs than half
or-a quarter of the yearly intereft. For inftance; the va-
lue of an annuity of 1/. payable half-yearly and quar-
terly for 5o years is, according to Mr. DE MOIVRE’s rules,
21,699 and 21,772, or a ggth part and 74th part more
than the value of the {fame annuity payable yearly, fup-
pofing money improved at 4 per ¢ent. when the annuity
is paid yearly; and at £.1,98 per cent. when it is paid
half-yearly; and at 0,98 5 per cent. when it is paid quar-
terly: That is; fuppofing money improved at a rate of
half-yearly or quarterly intereft, which, inftead of being
2 half or a quarter of the yearly intereft, is only that

half-
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half-yearly or quarterly payment which, in confequence
of being laid up and improved at compound intereft,
will in a year amount to the fum that makes the yearly
intereft. Itis obvious that this cannot be the proper me-
thod of computing thefe values. But not to infift on this;
I will next ftate the different values of the fecond fort of
annuities; or of life-annuities, according as they are fup-
pofed to be payable yearly, half-yearly,quarterly, or mo-
mently.

Let 7 as before be the intereft of 1£. for a year; # the
complement of a given lifer); y, b, gy and mz, the values
refpectively of an annuity certain for # years payable -
yearly, half-yearly, quarterly, or momently; p the per-
petuity ; Y the prefent value of an annuity on a lifé whofe
complement is 7, payable yearly; H the value of the fame
annuity payable half-yearly; and q_and m the values of
the fame annuity payable quarterly and momently.

(a) The complement of alife is, in Mr. b2 Morvae's kypothefis; the num-

ber of years it wants of 86. Inall other cafes, it is double the expeQation of

“alife; that is, it is doublé the quotient (diminithed by £ unity) arifing from di~

viding the fum of all the living in a table of obfervations from the age (inclufive)

of the given life to the extremity of life, by the number of the living at that age.
Sce Effay I. in my Treatife on Reverfionary Payments.

Voir. LXVL Q Then,
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I4+r
Then, y=p——; 2

.
I+—

2
x b.

H=p— nr

EXAMPLE I

Let the life be fuppofed of the age of 36. The com-
plement of fuch a life is 50, according to Mr. DE MOI-
vRE’s hypothefis; and alfo very nearly, according to the
Breflaw and the Northampton tables of obfervations.
Therefore, # will be 5o. Let the rate of intereft be 4
per centy, or ¥=0,04. P=25. y=21,482. b=21,549.

q=21,582. m=21,616. Seep. 111.

1,04
50%0,04
1,02

Therefore, Y=25~

H=25-1555,%21,549=14,010

1,01

°~:25“5oxo,04"21,582:14’“1

21,616
M=25— ————

EXAMPLE IIL

x21,482=%3,829

50X0,04 =14,191

Let the life be fuppofed of the age of 61. The com-
plement of this life is 25 by Mr. DE MOIVRE’s hypothe-

fis
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fis and the Northampton table of obfervations. There-
fore, intereft fuppofed at 4 per cent.

Y=25— X15’622 8,753

25x004
H=25—;g;g,axls,7lz—8,973

1,01
Q=25 7555, % 15,709=9,07 2
15,801

M=25~ oon =9,I199
The different values, given by thefe theorems, of life-
annuities payable yearly, half-yearly, and quarterly, fup-
pofe nothing to be due to an annuitant for that year,
half-year, or quarter, in which he fhall happen to die.
If, on the contrary, he is to be entitled to fuch part of the
annuity as thall be proportioned to the time which fthall
happen to intervene between his death and the time
when the payment immediately preceding his death be-
came due; or in other words, if the annuity is an annuity

fecured by land, :'——n mutft be added to the firft theorem in
order to obtain the value of fuch an annuity payable
yearly. And in like manner, — mu{’c be added to the
fecond theorem to obtain the value of the fame annuity
payable half-yearly: and gq;; to the third theorem, to ob-

tain its value payable quarterly.

The value, therefore, in the firft example, of an annuity
payable yearly on a life aged 36 being 13,8293 itsvalue,
if fecured by land, or to be enjoyed to the laft moment of

Q2 life,
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life, will be 1 3,829+ =14,043. Iffecured by land

and payable half-yearlv, its value will be 14,010 +—= ’549

=14,117. If fecured byland and payable quarterly, its va-

21,582
400

the fecond example are 9,065, 9,130, and 9,151.

Life-annuities payable monthly or weekly may be
confidered as of the fame value with annuities payable
momently; and it is evident, that they muft be enjoyed
nearly to the laft moment of life.

From thefe rules and examples it may be gathered,
that the difference between the values of annuities on
lives payable yearly, half-yearly, quarterly, and mo-~
mently, increafes continually with the ages; but, if not
fecured by land, this difference can never be {o great as
a quarter of a year’s purchafe in the cafe of annuities
payable yearly and half-yearly; three-eighths of a year’s
purchafe in the cafe of annuities payable yearly and
quarterly; and half a year’s purchafe in the cafe of an-
nuities payable yearly and momently.

Mr. SIMPSON, in his Treatife on the Poérine of Life-
annuities, p.78. and in his Select Exercifes, p. 28 3. hath
given a quarter of a year’s purchafe as the addition al-
ways to be made to the value of a life-annuity payable
yearly, in order to obtain its value payable half-yearly;
and three-eighths of a year’s purchafe, if its value paya-
ble quarterly is required. But it appears, that thefe are
too large additions; and, whatever be the rate of intereft,

o or

lue will be 14,101 +2

=14,155. The like values in
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or the number of lives, a fifth of a year’s purchafe will
be generally more than a fufficient addition, if the value
af the annuity is defired payable half-yearly; and three-
tenths of a year’s purchafe, if the value of the annuity is
defired payable quarterly. Mr. DE MOIVRE’S rules, in p.
8 5 of his Book on Life-annuities, for finding the values
of life-annuities payable half-yearly and quarterly from
their values payable yearly, are ftill lefs correct; for they
fuppofe the difference between thefe values the fame,
whether the annuitiés are life-annuities, or annuities
certain. .

Mr. DODSON, in the firft queftion in the third volume
of his Mathematical Repofitory, hath given arule for find-
ing the value of an annuity fecured by land and payable
yearly, which coincides with that here given; and Mr.
DE MOLVRE, in p. 338. of his Treatife on the Doétrine of
Chances, hath given a theorem for this purpofe, which
alfo brings eut nearly the fame anfwers. But Mr. siMp-
SON, in prob. I. p. 32 3. of his Sele¢t Exercifes, makes the
excefs of the value of fuch an annuity above the value
of an annuity payable yearly, but not fecured by land, dou-
ble to the fame excefs derived from Mr. popsoN’s and Mr.
pE MOIVRE’s rules. The truth is, that Mr. popsoN’s rule
gives the exact value; and that Mr. siMpsoN’s problem
gives the value, not of an annuity fecured by land and
payable yearly, but of an annuity fecured by land and
payable momently; and alfo, that his method of folutien
implies a rate of intereft fomewhat lefs when the annuity
is payable momently than when it is payable yearly.
’ But
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But to prevent all perplexity on this fubject, I'will fub»
join the following inveftigations, which will be eafily un-
derftood by thofe who are acquainted with the common
methods of calculating the values of life-annuities.

- Let 7, as before, be the intereft of £.1 for a year.
Then the prefent value of £. 1 payable at the end of one

- . T 1
year, two years, three years, &c. will be ;—;—r =T

&c. refpectively. And the prefent value of an annuity
certain for # years payable yearly is the {fum of this fe-

. . I 1
ries continued to 7 terms4), or -—

I
X 1 +r":P_r>< L =y
In like manner, the prefent value of half £. 1 (that isof
1045.=4.0,5)payableattheendof halfayear,ayear,ayear
and a half, &c. r'eckoning half-ye'trly intereit at half the

annual intereft, is —%, =2, 25, &c. And the pre-
I +— ﬁ 1+ _\

fent value of an annuity certain payable half-yearly for

n years, each payment to be half the yearly payment,

s the fum of this feries continued to 27 terms; or,
(%] 0,5

23 _ =bh.
r r an

- —x1+—l rx1+-—l rx1+-i

2 2

(%) In the poftfeript it will be proved, that the fum of # terms of the feries

1 SIS S ¢ B 1 4 . ..
—y ey & B8 e ~ . Subflitute 1 +# for 4, and it will
tEtEtE a—1 ¥y a ’

appear, that the fum of » terms of the feries 1 Femy . s
ppear, P +r+ '—j —ﬂ s
1

X
;”_rXI +r;"
. By
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By the fame fteps it will appear, that the prefent value
of an annuity certain for # years to be received in quar-
terly payments, each a quarter of the annual payment, is

0,2 0,2

25 22 =p-———_=q. And alfo, that the pre-
I I rl"" r}*" .

=T —rXxXIi+4- rxir+ -

4 4 4 4
fent value of an annuity certain for 7 years, to be re-

ceived.in momently payments, each the fame propor-
tional part of the yearly payment that the moment is of

the year, muft be p But, by the

\xoao, &c.n®

po
7 X 1 o e cntn
+xooo, &ec.

. . r 1000, &c. #t r*n* »3n3
Binomial theorem, 14— =T +rN At
1000, &c. 2 2X3

+;:%2: , &c. which feries approximates indefinitely to
that number of which 7 # is the hyperbolic logarithm, by
prob. 1. fect. x1. vol.II. of Mr, simpsoN’s Fluxions; or by

prop.1.p.40.of his Treatife on Trigonometry. Therefore,

I I .
R—— ____I_~__Y°°°’ w7 =P— =M, as explained before.
TXI+ 1000, &¢*

See p. 110.
If the value of an annuity of £. 1 for # years is

required payable half-yearly, and the half-yearly in-~
tereft of £. 1, inftead of being half the yearly intereft

(or 2), is fuppofed to be. Ao ; the anfwer will be

0,5 05 05 08 : , -
i e e ey, &G cONtinued to 2 terms=
1+yl§+l+r+1+ﬂ§ 1-;-3” }
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0,8 0,5 1
S e S [ X 3 which va-
I+A—1 T4 x1x1] —1 T o xTx V—2

N I T - - .
lugisto 1 TEX T (the value of the fame annuity pay-

able yearly fuppoﬁng the yearly intereft of £. 1 to be 7)

as

to - -, agreeably to Mr. pE Mo1vRE’s deduction
l+r‘—-x

in his Treatife on Life-annuities, p. 125. fourth edit.
This implying, in the cafe of annuities payable half-
yearly, a fimaller intereft than half the yearly intereft (for
1+7) =1 is lefs than :) gives the difference between their

value and the value of annuities payable yearly, greater
than the truth.

But to return to the inveftigation of the theorems in
the former part this paper.

Let us again call p the perpetuity, and y the value of
an annuity certain for # years and payable yearly; it is
well known that the value of £. 1 payable yearlyon alife
whofe compIement is mis (fuppoﬁng an equal decrement.

of life) — __2.] X__'], , &c. continued to #

nxl+r nXx
+
In

(¢) See Mr. pE Mo1vRe’s Treatife on Life-annuities, p. 99. fourth edit.
Qr his Doétrine of Chances, p. 3117 third edition. Or-Mr. popson’s Mathe-
matical Repofitory, vol. 1L p. 137. Or Mr. siMPsoN on Anauities and Rever-~
fians, p. 14» In confulting thefe writers care fhould betaken-to. remember, that
they uft r to denote the principal and intereft of £, 1 for ayear; whereas it hath

been
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In like manner, fuppofing money improved at an
half-yearly intereft equal to half the yearly intereft,

or to f, the value of the fame annuity payable half-

been moft convenient for me in thefe obfervations to make  ftand only for the
intereft, In thefe writers, therefore, r fignifies the fame with 14 » in this pa-
per; and r—1 the fame with r.

It is {aid above, that the value of an annuity payable yeatly, on a life whofe

n—1 n— — .
complement is #, is . N L_a_..;, &, continued to # terms,
nx14r n X1 ' X1 Q
. . n n
This expreflion is equal to + & ()

nX1+r + nx1+;r' BX1L+r

1 1 2 ” n "
—_— X e &c. (). But ——s
n I4r 1y ‘ l” - nx1+r+nx1+ﬂ'+nxx+r‘
fe (=1 tey=2 ol =y (fep. 118.) Al
c ( !+r ——’qz'l' 3’ ) r rxﬁ y (C P I ) 0y

by a theorem which wxll be demonftrated in the poftfeript, and putting
a for any given quantity, — 4 f; + 3.‘ s &c. continued to # terms =
a ' a " a

a n I I x a
e % —
a—i1)° a* g—1 a* a—i

and y fer; —-—l::?l_'-" the fum (multiplied by }‘)of # terms of the feries

. Therefore, if 14r is fubflituted for a,

rx1I+
1 2 3 N § I+4r I 1
— ‘&e. will come out —a Xy— ;3 of
e T TR T nr R TYLN

1+r 1 2
. Xy+y=—w. Therefore, the feries x.___ 3., &c. cone
—— Xty s - !+r+—‘1+r‘+“‘“+,-"

tinued to 7 terms and fubtradted from the feries — . — T &c. cons
14 l 14 ris ’

+r
tinued to »# terms; that is, the value of the life will be y— "% y+ y_ =
I 1+4r 147
e Ry TmP— e X Y=Y
F T Y nr ’

Vor. LXVIIL R yearly
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.« n—
yearly, is ; x
nx1+— nx1 +-l nx1+‘}
n n n .
272 terms=;x + + -, &c. continued to
nx1+§ nX1+£' nx1+£’

27 terms — 5 x ., &c. continued
nx1+~ nx1+—' nxl+4

to 2 #terms. But the fum of the firft of thefe two feries, or

n n 1 I .
of Ix =+ =, &c. (:;x_r..;ﬁ, &c.) is A,
ﬂXI+'2 nXI'I-;l I+; I+;

fee p. 118. And the fum of the fecond feries is the fame
with half the ,fum of the feries ;-” * — +—2—,»+;-2-—,,
1 +£2 14 g‘ I+ 2}

, &c. continued to

&ec. (2#). But by the theorem mentioned in the laft

. 1 2 .
note, the fum of # terms of the feries —+=+ ;3;, &ec. is

a n 1 1 a . . r . .
=y eXemi e =y Therefore, if 1 +; is fubfli-

tuted for a, 2 for #, and b for- —— the fum of
rx1+ f’

the fecond feries (that is, of ;x ~ x — ===, &c.
'+- 1+ -l 1+ ‘

1+— ' 1+-
(2 ) will come out—— xh—= x ,_,.}
+-

Therefore,
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Therefore, the fecond feries fubtracted from the firft,

r r
14 - 14 -
leaves -~ —~ x b=p— —" xh=H, agreeably to the fecond
r nr nr
theorem in p. 114+
By reafoning in the fame way it may be eafily found,
14- 14—

000, &c.
w“ xq3 and M=p - ———2 "

m
that Q=p~ X =P——,agree-

ably to the third and fourth theorems in p. 1 14.

Thefe theorems, I have faid, fuppofe that an annui-
tant is entitled to no payment for that year, half-year, or
quarter, in which he dies. If, on the contrary, he is to
be intitled, when he dies, to fuch a part of the yearly,
half-yearly, or quarterly payment as fhall bear the fame
proportion to the faid payments refpectively, as the in-
termediate time between the laft payment and his death
bears to the whole year, half-year, or quarter; in this
cafe, fuppofing the annuity payable yearly, it is evi-
dent, fince there is the fame chance for his dying in one
half of any year as in the other, that he will have an
expectation of half a year’s payment more than he would
be otherwife intitled to. But the value of half /. 1 to
be paid at the death of a perfon whofe complement of

life is 72, i8 £ x —mmm 1 X ey b L X —m &c. conti-
? : anTr axi4 N * T ax 1v+r” )
nued to # terms(4)= an '
(d) P. 118,

R 2 In
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In like manner, a perfon who enjoys an annuity fe-
cured by land, payable half-yearly, will have an ex-
pectation of a quarter of a year’s payment more than
he could be otherwife intitled to; the value of ' which is

—x-——-—+=ﬁ ==_T, &c. continued to 2# terms—
I+~ 14

By the fame reafoning it will appear, that { é; is the addi-

tion to be made to the value of an annuity payable quar-
terly, in order to obtain its value when fecured by land.

P O S TS CURTIUP T

IN the note p. 121. the expreflion ;_{——Lx—i—

I a* ag—I

is given as the fum of 7 terms of the fenes + + +

n 1 I a
c.to—’ dth e L o e Xy
& and the expreflion == = Is

a®* a—1 a*

3

given as the fum of #termsof the feries- + = +;— » &ec.

The following inveftigation of thefe theorems being
very eafy, will not, perhaps, be unacceptable to thofe
who have ﬂudied this fubjeét.

Put Ao+t o 2 B=o+a+ 3+t &e I
ThenAxa—I+ —+= + ~» &c. t o-,,-:;’

and Axd—I+—=c+ z+ ~3 80, t0 —— et

ar a By

a n
and
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and Axd-—A(:Ax a-1)=1- I—_

Therefore, A—-—-- % —;? which is the firft theorem.

1
Again, Axg= 1+ + T+~ ’&c.to;—,,:_;

and Bxa=1+;+~3- 5 &ec. to —,—_-"

Therefore, Bxa—foa=;+-;; +;» &c. to :,T-'Ix
To both fides of the laft equation add;",,’ and it will ap-

pear, that
n_ 1 2 4
Bxd-—Axa+—;=—j+;;+%+—4+ » &ec. to -;-_;;+—— B.

AXa n

‘Therefore, nxa—-n—sxa—-x—A-xa-_; andB="" — .
aﬁ-l arti g

For A, in this laft equation, fubftitute its equal, or

— — = x —> and the refulting equation will be
a1 a a1

a n 1 I a — . .
e LT e Sl b L which is the fecond theorem.
When # is infinite, all but the ﬁrﬁ terms in beth

thefe theorems:vanifh ; and therefore, - is the fum of
the feries -+ 'a +-,-" &c. continued inﬁnitely; and =m\7 is

the fum of the fenes += + » 8&c. continued infinitely.

By
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By a like deduction, putting

_I,2Xx2 3x3 4% 4 n
C=; + ——+—+—=> &c.t0 7?
. _1 2X2x2 3X3X3 4.x4 4 n o,
and p=; +———+>—=—+>—— &c. to > it may be

A+2n+ T P

3
found thatc="" sand p==FEEIEL_ naal |

art+1.gn 6—1 antiegn
And confequently, fubftituting the values of A and B, that

2

a+a n b 2an 1 at+a

I
C== @ amt @ NI e S
And, fubftituting the values of a, B, ¢, that

P+ 4a*+a n 1 3an® I 3a*n+ 3an I 444+ a
- ry —— % X = —— X i o—p—————
a—1 ar  g—I ar  gee ar a1 at
X .
x == Or, fince all but the firft terms in thefe expref-
Q=

fions vanith when 7 is infinite, that the fum of the feries

+4+—’ &ec. continued infinitely is _1'53, and that the

7

fum of the feries ~ ~+ —+2 + -r &e. continued infinitely is

a+44 +a .
a—1)*
Thefe are all the theorems neceffary for calculating

the values of annuities on ﬁngle lives, and on any two or
three joint lives, upon the hypothefis of an equal decre-
ment of life.

Suppofing  the intereﬁ of £. 1 fora year, the fum of.

b

# terms of the feries — +.._7 l-—] » &c. is the pre-

I4r
fent value of an annuity certain for z years; and

47
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‘—:C.—’ + f%\-+ 1—43}_;_’+ ﬁn (continued to 7 terms) is the pre-
fent value of an annuity certain beginning with £. 1,
and increafing to £. 2 the fecond year, to £. 3 the third
year, &c. :

If this laft annuity is not an annuity certain for a
given term, but a life-annuity, the value of it (fuppofing
z the complement of life, A the value of an annuity
certain for # years, ¢ the value of two equal joint lives
whofe common complement is #, p the perpetuity, and
2 the value of £. 1 to be received at the end of # years)

will be A-Gx#+nxpxP—AXPX I +7.

EXAMPLES.

Let the term be forty-one years, and the rate of intereft
4 per cent.

The value of an annuity of £. 1 certain for this term
is£. 20.

The value of an annuity certain for the fame term,
and beginning with £. 1 at the end of the firft year,
but increafing to £. 2 at the end of the fecond year, to
£. 3 at the end of the third year, and fo on till it be-
comes £. 41 at the end of the forty-firft year, is (by
the fecond theorem, putting 1+7, or 1,04 for a)
£.214 1045,

The value of an annuity increafing at this rate with-
out end is £. 650. :

If
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If the annuity is a life-annuity which is to increafe at
the rate of /. 1 every year during the whole poflfible
continuanceof a life whofe complement is forty-one years
(or whofe age is about forty-five) the prefent value of it
will be, by the laft theorem, £. 133 144.; taking the
probability of the duration of human life according to
Mr. pE MOIVRE’s hypothefis; which agrees nearly with
Dr. HALLEY’s Table of Obfervations.

VII. 4n



